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Abstract: The photoionization of Lithium (Li+) via its doubly-excited state 2s2p 1P in intense free
electron laser (FEL) radiation is studied. A recently developed perturbative statistical description of
the atomic dynamics is used to calculate the ionization yield. It is observed that the FEL temporal
fluctuations affect the lineshape significantly, strongly dependent on the product of the pulse’s
coherence time with its intensity, ∼ τc I0, which is a measure of the effect of the field in one correlation
time. The weak-field long-pulse asymmetric resonant Fano-profile is broadened to resemble a Voight
profile. As the intensity increases, the subsequent ionization of Li2+ takes over and causes further
distortion of the lineshape for Li+.

Keywords: 2s2p; Lithium-ion; auto-ionization; free electron laser; stochastic average; time dependent
density matrix

1. Introduction

The advent of high-order harmonic generation (HOHG) and Free-Electron Laser (FEL) sources
in the last two decades has made available radiation which is sufficiently short to compete with
sub-femtosecond atomic characteristic times and sufficiently intense to compare and surpass the static
interatomic electric fields by orders of magnitudes [1–5]. An important characteristic of this radiation
is that it can spatially penetrate the interior of atomic-size systems and interact with the innermost
electrons directly; a property which is in complete contrast with intense, long-wavelength, laser (i.e.,
Ti:Sapphire) where the outermost electrons act as a shield and disallow probe of the inner regions even
if the necessary energy is available in the form of multiphoton absroptions. A natural consequence
of these breakthrough developments is a shift of the interest to explore and control the dynamics of
atomic systems in the short-wavelength radiation regime [1–3,6–8].

In the case of ionization with FEL sources very often the measurements of observables are taken
after the target systems have interacted many times with pulses which differ each other in random
ways (multishot experiments); then the experimental reports provide only statistically averaged values
of the observables. For this class of experiments it is inevitable that the temporal fluctuations in
the atomic photoionization dynamics should be properly taken into account, in principle, for a fair
comparison with the experimental data. This simple fact brings at the forefront a statistical description
of the atomic dynamics and in fact there are already a number of works where various theoretical
approaches have been applied [9–12].

Recently, we took the effort to develop a perturbative statistical theory which provides the
equations-of-motion for the atomic dynamical observables of theoretical and experimental interest
(excited population, ionization yield, electron kinetic/angular spectrum, absorption spectrum, etc.) [12].
More specifically we treated the near-resonant photoionization processes as stochastic processes
characterized by the fluctuation statistics of the FEL radiation. The FEL was modelled as non-stationary
Gaussian stochastic field in line with the model developed by Krinsky and Li [13]; within this model
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the FEL statistics has its origin in the self-amplified spontaneous emission (SASE) start-up process,
which in turn is treated as a shot-noise stochastic process [14–16].

In the present work we investigate the lineshape of the ionization of Li+ for FEL fields
in the proximity of the 2s2p1P autioinization resonance (AIS). The calculation is based on (a)
an ab-initio calculation of the electronic structure and the AIS parameters (position and width of
the resonance) [17–20] (b) a formulation of the density matrix elements time-evolution in the Fano
basis states (EOMs) [21] (c) the elimination of the continuum state dynamics as well as the subsequent
average of the EOMs [12]. Here we do not repeat all the necessary details of the calculations but rather
present those steps that are relevant with the particular application to Li+.

In Section 2 we discuss the calculation method for the atomic structure and the way we extract
the Fano parameters from the knowledge of the photoionization cross section and the position and
width of the AIS. In Section 3, we present the EOMs for the density matrix elements of the system
and in Section 4 their averaged form is presented for the case of a Gaussian, non-stationary FEL field.
Finally in Section 5 we investigate the effects of the fluctuations on the lineshape of the ionization yield.

For the presentation of the formulas, atomic units (a.u.) are used throughout the text; For the
reader’s convenience other units (e.g., eV, fs) are used in the discussion section and the figures caption.

2. Electronic Structure and the Fano Picture of Resonant Ionization

As mentioned, a detailed exposition of the method is included in References [19,20]. Nevertheless,
in order to present the logical flow of the calculations we will briefly give the steps involved here; the
calculation of the electronic structure [19], the derivation of the density matrix equations [21] and their
stochastic average [12] as these are adapted in the present work.

2.1. Atomic Structure Calculations

First we describe the method followed to calculate the transition amplitudes involved in the
photoionization process. The Li+ Hamiltonian in atomic units is given by,

Ĥa(r1, r2) = ∑
i=1,2

ĥ(ri) + V̂(r1, r2) =
2

∑
i=1

(−1
2
~∇2

i −
3
ri
) +

1
r12

, (1)

where the one-electron Hamiltonians ĥ(ri) and the interelectronic potential, V̂(r1, r2) are defined
by inspection.

We consider the interaction of the Li+ with FEL radiation. Within the non-relativistic
approximation a proper Hilbert space to develop a formulation is the one generated by the eigenstates
of the total energy, square of the angular momentum and spin operators as well as the corresponding
projections, namely, Ĥa, L̂2, Ŝ2, L̂z, Ŝz, where L̂ = l̂1 + l̂2, Ŝ = ŝ1 + ŝ2, where l̂i, ŝi are the angular
momenta and spin quantum numbers of the two-electrons. Since the interaction between the Li+ and
the FEL radiation does not contain any spin operators and assuming the electric field linearly polarized
along the z−axis the projection of the total angular momentum and the spin quantum numbers are
invariants of the ionization process; which means that the possible states reached, following interaction
with the FEL, are singlet states with the same total magnetic quantum number as the ground state,
|g〉 = |1s2,1S〉. So in the below all states have Lz = 0 and S = 0, MS = 0. The eigenstates are denoted
by |nL〉, the first index representing the eigenenergy, E, and the second one the angular momentum
L, values

Having defined the basis, the aim now is the numerical calculation of the two-electron eigenstates
of the above Hamiltonian. To this end, the eigenvalue problem to be solved is,

ĤaΦEn L(r1, r2) = EnLΦEn L(r1, r2), (2)
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where ΦEn L(r1, r2) are the eigenstates of Ĥa (two-electron field free wavefunctions). The system
is assumed to be confined in a sphere of radius R, much larger than the atomic size dimensions.
The solution of the partial differential Equation (2) requires the boundary condition to be set, which in
our case is to have the wavefunction vanish at the origin and at the boundary, R. Consequently all
eigenstates (including the continuum) are now discrete and the bound and continuum states are
treated on equal footing. A configuration interaction (CI) approach is employed where the eigenstates
are expanded on an uncorrelated two-electron basis φL

n1l1n2l2
(r1, r2), formed by Slater determinants of

angular momentum coupled one-electron states (configurations) found from the one-electron TISE.
More specifically the uncorrelated two-electron basis functions are the eigensolutions of the zero-order
Hamiltonian, Ĥ(0)

a = ĥ1(r1) + ĥ2(r2), with eigenstates,

φL
n1l1n2l2(r1, r2) = A12

Pn1l1(r1)

r1

Pn2l2(r2)

r2
Y L0

l1l2(Ω1, Ω2), (3)

where Y LML=0
l1l2

(Ω1, Ω2) are the bipolar spherical harmonics, containing the angular momentum
coupling coefficients (Clebsch-Gordon coefficients) and A12 is the antisymmetrization operator which
acts to exchange the coordinates of the two electrons. The radial functions, Pnl(r), are numerically
calculated by [

−1
2

d2

dr2 +
l(l + 1)

2r2 − 3
r

]
Pnl = εnl Pnl(r). (4)

The radial functions are solved numerically by expanding on a basis of B-Splines with excellent
properties for representing continuum states [18,22]. Having solved the numerical calculation of the
one-electron states, the two-electron eigenbasis is expanded as,

ΦEn L(r1, r2) = ∑
n1l1n2l2

CnL
n1l1n2l2 φL

n1l1n2l2(r1, r2). (5)

Substituting Equation (5) into the TISE and projecting over φL
n1l1n2l2

(r1, r2) converts it to a matrix
equation, from which upon diagonalization the eigenenergies EnL and the CI coefficients CnL

n1l1n2l2
are obtained.

Assuming the zero-energy level set at the double-ionization threshold, then if a two-electron
eigenstate has an energy EnL < 0 and both electrons also have negative energy (ε1, ε2 < 0), then the
two-electron state is of bound character. States with energies EnL > 0 represent doubly ionized Li with
an ejected electron if ε1 < 0 and ε2 > 0 (or vice-versa), and triply ionized Li states and two ejected
electrons if εi > 0 (Note that in Figure 1, the zero-energy level is set equal to the ground state of Li+) .

Calculation of the two-electron states (bound and continuum) allows the calculation of atomic
quantities which are useful to describe interactions with the external environment of the system,
for example, collisions, radiation, and so forth. For our particular case we’ll be needing the values of
the photoionization cross section from the ground state as well as the position and the width of the
resonance. Again in the remaining part of this section, we describe swiftly the methodology used.
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Figure 1. Ionization scheme of Li+. |g〉 1s2 is the ground state, |a〉 2s2p is the auto-ionizing state, |c〉 is
the continuum above the ionized state of Li2+ 1s and the |c′〉 is the continuum above the ionized state
Li3+. The energies depicted on the right are not to scale but only give an idea of the values of the levels.

characterized by the fluctuation statistics of the FEL radiation. The FEL was modelled as non-stationary
Gaussian stochastic field in line with the model developed by Krinsky and Li [13]; within this model
the FEL statistics has its origin in the self-amplified spontaneous emission (SASE) start-up process,
which in turn is treated as a shot-noise stochastic process [14–16].

In the present work we investigate the lineshape of the ionization of Li+ for FEL fields in the
proximity of the 2s2p1P autioinization resonance (AIS). The calculation is based on (a) an ab-initio
calculation of the electronic structure and the AIS parameters (position and width of the resonance) [17–
20] (b) a formulation of the density matrix elements time-evolution in the Fano basis states (EOMs)
[21] (c) the elimination of the continuum state dynamics as well as the subsequent average of the
EOMs [12]. Here we do not repeat all the necessary details of the calculations but rather present those
steps that are relevant with the particular application to Li+.

In Section 2 we discuss the calculation method for the atomic structure and the way we extract the
Fano parameters from the knowledge of the photoionization cross section and the position and width
of the AIS. In Section 3 we present the EOMs for the density matrix elements of the system and in
Section 4 their averaged form is presented for the case of a Gaussian, non-stationary FEL field. Finally
in Section 5 we investigate the effects of the fluctuations on the lineshape of the ionization yield.

For the presentation of the formulas, atomic units (a.u.) are used throughout the text; For the
reader’s convenience other units (e.g., eV, fs) are used in the discussion section and the figures caption.

2. Electronic structure and the Fano picture of resonant ionization

As mentioned a detailed exposition of the method is included in [19,20]. Nevertheless, in order to
present the logical flow of the calculations we will briefly give the steps involved here; the calculation
of the electronic structure [19], the derivation of the density matrix equations [21] and their stochastic
average [12] as these are adapted in the present work.

Figure 1. Ionization scheme of Li+. |g〉 1s2 is the ground state, |a〉 2s2p is the auto-ionizing state, |c〉 is
the continuum above the ionized state of Li2+ 1s and the |c′〉 is the continuum above the ionized state
Li3+. The energies depicted on the right are not to scale but only give an idea of the values of the levels.

2.2. Calculation of the Fano Parameters of the AIS

It is convenient to study the ionization process in the Fano-representation which consists to
separate the two-electron eigenstates into its bound and continuum part. In Figure 1, the interaction
scheme of Li+ with a FEL pulse is given. The artificial separation of the continuum two-electron
wavefunction leads to an effective bound-bound and bound-continuum transition amplitudes which
lead to ionization via two different pathways. The first channel initiates with a photon absorption from
the ground state, |g〉, to the artificial Fano-bound state, |a〉 coupled with the Fano-continuum states, |c〉,
via the interelectronic interaction, Vac, operator; the latter rate of decay is given by the AIS width, Γa

while the rate of excitation is determined by the dipole transition matrix element, dga. At the same time,
photoionization via a direct transition (dgc) from the ground state to the Fano continuum, |c〉, is also
available. The interference between the two ionization channels (|g〉 → (dga) → |a〉 → (Vac) → |c〉
and |g〉 → (dgc)→ |c〉 leads to the well known Fano-asymmetric shape [23].

More specifically, the ground-state |g〉 (1s2) is considered to be at Eg = 0 eV (0 a.u.) and the FEL
pulse’s central frequency ω is chosen near the resonance energy of |a〉 (2s2p). The system ionizes into
the continuum |c〉 (ionization potential at 75.6 eV (2.778 a.u.)) characterised by the field-dependent
photoionization width γg(t); also the system, following photon absorption by the field, may excite to
the unstable doubly excited auto-ionizing state |a〉 (Ea = 150.2 eV (5.52 a.u.)) with a rate characterized
by the field dependent Rabi matrix element DE(t) coupled with continuum |c〉. The interference
between these two ionizing channels is described by the introduction of the Fano-parameter qa.
Finally, the generated Li2+ may further ionize by absorbing one more photon since its ionization
potential is 198–75.6 eV (triple ionization of Li ~ 198.1 eV (7.28 a.u.)). We characterize this ionization
width as γc.

From the above, we see that there arises the need to calculate, Ea, Γa, dga, dgc and qa. Below we
give the absolutely necessary formulas for these calculations. The procedure is as follows: (a) from
the numerically calculated two-electron states we calculate the photoionization cross section and the
position and width of the autoionizing resonance and (b) from these values we calculate the Fano
effective parameters, dga, dgc, qa.
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2.2.1. Photoionization Cross Section and Position, width of the Autoionizing Resonance

The photoionization cross sections of Li+ in a.u. is calculated by,

σ1(En) =
4π2

c
ω|〈ΦE1S|z1 + z2|ΦEnP〉|2 =

4π2

c
ω|d1S;nP|2, En = E1 + ω, (6)

where ω is the central carrier frequency of the laser field, ΦE1S, ΦEnP represent the initial (ground state)
and the final (near AIS) states of the system and z1, z2 the electron’s position operators. A plot of this
cross section is given in Reference [20].

Standard theory of the atomic continuum states shows that if the total singly-ionized wave
function (above the first ionization threshold) is decomposed as the sum of a bound doubly excited
state, its continuum background and all the other zero-order states included, a simple relation for the
continuum state’s phase shift near the autoionizing states and its position and the width exists:

δl(E) = b0 + b1E + b2E2 + tan−1 Γa/2
Ea − E

, (7)

where Ea is the position of the autoionizing state, and Γa is the autoionizing width of this state; biEis
represent the residual background energy dependence of the phase shift.

With the phase shift, δl(E) calculated numerically, a fit with the above relation provides the values
of Ea and Γa, shown in Table 1.

Table 1. Atomic parameters in a.u. used for the Li+(2s2p) AIS resonance.

Parameters Widths

(Ea, qa) (5.52, −2.2)
dga 0.01527
Γa 0.00235
γg 0.0819
γc 0.0584

The photoionization cross sections of the hydrogenic ion, Li++, is an easier task and calculated by,

σ1(εnp) =
4π2

c
ω|〈φ1s|z|φnp〉|2 =

4π2

c
ω|d1s;np|2, εnp = ε1s + ω, (8)

where φ1s(r) and φnp(r) are the common eigenstates of the Li++ Hamiltonian, angular momentum
and its z−axis projection. The energies, ε1s, εnp are obtained from the solution of the radial eigenvalue
Equation (4). The matrix elements d1s;np have been calculated earlier [19,20].

At this point, for later use, the photoionization yield, caused by a monochromatic field of
amplitude E0 and frequency, ω, should be related with the photoionization cross section. First we
need to relate the intensity of a monochromatic electric field with its amplitude. This relation is
obtained by taking the time-average of the Poynting vector magnitude, S, I0 = 〈S〉t = cε0E2

0/2 and
set ε0 = 1/4π, with ε0 the vacuum’s dielectric constant. This will give I0 = cE2

0/8π. Then by use of
standard perturbation theory the ionization yield is related with the photoionization cross section
(all quantities in a.u.):

γ̄i f = σ1
I0

ω
=

4π2

c
ω|di f |2

cE2
0/8π

ω
= 2π|di f |2

E2
0

4
= γi f I , (9)

where the bar emphasizes that we refer to a time-averaged ionization rate and I is defined as the
time-averaged intensity I = E2

0/4. Now γi f represents the average ionization rate when I = 1.
The above expression provides the ionization width when the cross section is known, and vice-versa.
All the following formulas are expressed in terms of ionization width rather than the photoionization
cross section.
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2.2.2. Calculation of the Fano Parameters, qa, dga, dgc

Having numerically calculated the total photoionization cross section, σ1(E), E = Eg + ω,
the position and the width of the autoionizing state, (Ea, Γa), we are able to use the Fano approach
of the resonant autoionization where the transitions are separated to purely bound-bound and to
bound-continuum transitions, as shown in Figure 1. The Fano transition matrix elements to be
determined are the qa,dgc and dga Fano parameters.

In its simplest form, the Fano parametrization of the dipole photoionization cross section
ionization expressed at energy E = Eg + ω = Ec = EnP is written as,

|d1S;nP|2 = |dgc|2
(q + ε)2

1 + ε2 = |dgc|2(1 +
q2

a − 1 + 2qaε

1 + ε2 ), ε =
E− Ea

1
2 Γa

(10)

where d1S;nP is the dipole transition moment in Equation (8). dgc is the dipole transition moment from
the ground state to the |c〉 state and ε is the normalized photon energy. In the above parametrization
formula, qa is dimensionless and describes the degree of asymmetry of the resonant line shape,

qa =
dga

π dgcVca
, (11)

where Vca represents the static interelectronic interaction operator 1/r12. Examination of Equation (10)
shows that the ionization profile takes its extrema at the following positions,

E(max)
c = Ea +

Γa

2qa
, E(min)

c = Ea −
1
2

Γaqa. (12)

One can select either the minimum or the maximum of the profile to calculate the qa (given that
Ea, Γa are known). In fact, knowledge of Γa is sufficient since, the Ea can be eliminated by subtracting
the above expressions to arrive at,

E(max)
c − E(min)

c =
Γa

2
(

1
qa

+ qa) → qa =
E(max)

c − E(min)
c

Γa
±

√√√√(E(max)
c − E(min)

c
Γa

)2

− 1. (13)

Obviously this formula eliminates any inaccuracy introduced in the calculation by the
resonant position.

Following with the calculation of dga we see from Equation (10) that there is an energy Ē where,

q2
a + 2qa ε̄− 1 = 0 → Ē = Ea +

Γa

2
1− q2

a
2qa

→ |dgc|2
∣∣∣
E=Ē

= |d1S;nP|2
∣∣∣
E=Ē

. (14)

So we can calculate dgc from the above relation and by substituting its value in Equation (11) we
obtain dga, given that Γa = 2π|VĒ|2. This determines the value of dga up to a sign value, but this can be
infered from the ionization profile shape, which also determines the relative sign of dga and dgcVcg.
This means that the sign for dgc and Vcg (which results to a definite sign for dgcVcg) will not affect the
dynamics of the ionization; the dga will obtain a value dependent on this choice and the sign of qa.

Finally, for later use another useful relation between the Fano parameters is valid:

4|dga|2 = q2
a Γaγg. (15)

Following the above methodology for the calculation of the Fano parameters of the 2s2p 1P state
of Li+ the obtained values are shown in Table 1.

Having calculated the necessary dynamic parameters for the description of the ionization
processes we are now at a position to set up the equation-of-motions (EOMs) for the system’s probability
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amplitudes. In the present work we’ll be using a density-matrix representation to describe the quantum
states of the systems and a semiclassical representation of the (stochastic) FEL field.

3. The Density-Matrix EOMs in the Fano Representation

The pulses of FEL radiation differ from shot to shot due to the inherent randomness [13].
This affects the process of obtaining the atomic observables. For a certain class of experiments
the observables are the results of multishot interaction with the FEL radiation with the result that
any calculation requires the average over an ensemble of shots. Our starting point is to derive the
density matrix equation for a FEL field, pretending that it is not fluctuating; this part of derivation is
independent on the statistical properties of the field. Having derived these equation we’ll be assuming
the case of random fluctuations of the FEL field and will proceed with the ensemble averaged form
of the density-matrix equations. Both of these steps have been developed and described in detail
previously and need not be elaborated with great detail here [12,21]. Nevertheless, some adaptations
are still required and as such we will provide here the absolutely necessary information about the
calculational methodology for the dynamics.

Our starting point for the first part will be the Liouville equation, ıρ̂(t) = [Ĥ, ρ̂] [24]. Here, ρ̂(t)
is the density matrix operator and Ĥ is the Hamiltonian operator which is comprised of the field
free Hamiltonian (Ĥa) as well as the field-matter interaction operator (V̂(t)), that is, Ĥ = Ĥa + D̂(t).
The field-matter interaction operator is given by D̂(t) = −d̂E(t) where d̂ characterises the atomic dipole
operator and the interacting linearly polarised laser field is modelled as E(t) = Eo(t)cos(ωt + φ(t)).
This real field relates to the complex field envelope by the relation E(t) = 1

2 E0(t)e−ıφ(t). With the
complex field modelled as above, we may define the time averaged intensity as I(t) = |E(t)|2.

When the interacting field is considered to be having a near resonant frequency, the field free
evolution of the density matrices evolve with a time-scale proportional to ω ∼ |Ea − Eg|, whereas the
presence of the field induces far lower timescales such as |Dag| << ω. This fact can be exploited in
eliminating the fast oscillating terms from the system. To this end, we may transform the density
matrices into the interaction picture (IP) [21], where the diagonal elements are left intact and the
off-diagonal elements are changed by a phase factor. The newly defined density matrix elements are
related to the old by σij(t) = ρij(t)eı(Ea−Eg)t.

It is assumed beforehand that the field-free eigen value problem is solved for the system of Li+.
This gives the eigen state basis on which the density operator is expanded. It is also assumed that the
dipole transition matrix elements between the eigen states of the system at play are already known.
The final set of modified density matrix equations of motion (EOMs) are given below, in terms of
analytic envelopes of the complex field E(t) and time averaged intensity I(t).

σ̇gg(t) = −γgI(t)σgg(t) + 2Im[DE(t)σag(t)], (16a)

σ̇aa(t) = −Γaσaa(t)− 2Im[D∗E(t)σag(t)] (16b)

σ̇ag(t) = − [δ + ∆I(t)] σag(t) + ıD∗E∗(t)σaa(t)− ıDE∗(t)σgg(t) (16c)

σ̇cc(t) = −γcI(t)ρcc(t)− σ̇gg(t)− σ̇aa(t). (16d)

Im(z) ≡ (z − z∗)/2ı. γg = 2π|dgc|2 and γc = 2π|d1s;εp|2 are the ionization widths at peak
intensity from the Φg initial state to the Fano continuum state |c〉 and from φ1s (Li2+ ground state)
to the continuum state φnp (Li2+ continuum state), respectively. Γa = 2π|Vac|2 is the autoionization
width from the Fano state |a〉 to the Fano continuum states |c〉. ∆, δ are the complex peak detunings,

δ = ı(Ea − Eg −ω) +
Γa

2
, ∆ = ı(sa − sg) +

γg

2
, (17)
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with sg, sa the peak intensity ac-Stark shifts (which are negligible for the intensities considered in this
work). Finally, D is the complex Rabi transition matrix element,

D = dga(1−
i

qa
), (18)

where dga represents now the real part of the transition matrix element between the ground |g〉 and
the excited |a〉 state. The interference between the two ionization channels is represented from the
imaginary part of D. For qa � 1 the indirect ionization channel dominates whereas in the opposite
case ionization proceeds via the direct path (|g〉 → |c〉).

4. The Averaged Density-Matrix EOMs

In the below we first specify the statistical model chosen for the FEL in this work. Based on this
model, we provide the corresponding ensemble-averaged EOMs equations for Equations (16). Since the
detailed derivation of the averaged EOMs for the density-matrix elements in the Fano representation
is presented in Reference [12] here we only provide the final form as they are specified for the chosen
model of the FEL field.

4.1. FEL Radiation as a Gaussian, Non-Stationary Stochastic Process

The temporal fluctuations of the field are taken into account by treating the pulse envelope as
a stochastic process, more specifically,

E(t) = E0(t)ε(t) (19)

The ε(t) random process is used to describe the statistical properties of the field whereas the
E0(t) represents the real slowly varying field envelope. The statistics of the fluctuations are assumed
to be fully characterised by the multitime moments (coherences) 〈ε(t1)ε(t2) . . . ε(tn)〉. The approach
taken here is to assume that the field is a Gaussian stochastic process, which in practice means that its
full description requires only the knowledge of its first and second coherence; this is because all the
multitime moments are expressed in terms of the first two moments.

More specifically, we assume the model adopted by Krinsky and Li in Reference [13] for FEL
radiation where, deterministic part of the field envelope is taken as,

E0(t) = E0e−χ̂t2/2τ2
p , (20)

where τp determines the FWHM duration of the pulse and chirp χ̂ = 1− ı/
√

3. The first- and the
second- moment of the field are assumed,

〈ε(t)〉 = 0, 〈ε(t)ε∗(t− τ)〉 = e−τ2/2τ2
c , (21)

where τc is the coherence time. With the above assumptions we have for the statistically averaged
intensity and the first-order intensity coherence function,

〈I(t)〉 = 〈|E(t)|2〉 = E2
0 e−t2/τ2

p , 〈I(t)I(t′)〉 = 〈I(t)〉〈I(t′)〉+ |〈E(t)E(t′)〉|2. (22)

The full width half maximum τFWHM of the average intensity 〈I(t)〉 is related to the pulse
duration τp via τFWHM = 2τp

√
ln2. Therefore the FEL is represented as a Gaussian, non-stationary,

square-exponentially correlated stochastic process.
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4.2. Averaged Form of the EOMs

The presence of the FEL temporal fluctuations render the field to be treated statistically,
as a stochastic process, thus making the EOMs for the system to be stochastic differential equations.
Let’s assume an arbitrary observable as X(t) and consider it as a stochastic process. We can always
decompose this into a deterministic and a fluctuating part that is, X(t) = 〈X(t)〉+ X̃(t), where 〈X(t)〉
is the ensemble average over many shots of the random FEL field and the X̃(t) is a fluctuating quantity
with zero mean average, 〈X̃(t)〉 = 0. For the electric field we have 〈E(t)〉 = 0 and E(t) = Ẽ(t).
When X(t) represents the intensity, we have I(t) = 〈I(t)〉 + Ĩ(t). In the deterministic EOMs
Equation (16) the atomic structure parameters are coupled with the field’s random variations. Since
generally 〈σij(t)E(t)〉 6= 〈σij(t)〉〈E(t)〉 and 〈σij(t)I(t)〉 6= 〈σij(t)〉〈I(t)〉 where i, j = g, a, c, special
statistical methods need to be carefully employed. We have followed a method to obtain the statistical
average of the EOMs given the FEL statistical properties; we’ll not elaborate the method further here
as it has been worked in detail in Reference [12]. We only present the averaged EOMs for the system’s
density matrix as adapted in the particular Gaussian, non-stationary FEL chosen with statistics as
expressed in Equations (19)–(21).

We finally arrive at the following set of averaged density matrix EOMs in the Fano representation:

〈σ̇gg(t)〉 = −γg〈I(t)〉
[

1− γgτc
√

π
〈I(t)〉

2
+

Γaτc
√

π

2
√

2

[
(q2

a − 1)U(
δ̂−τc√

2
) + 2qaV(

δ̂−τc√
2
)

]]
〈σgg(t)〉

+ (q2
a + 1)

Γaγgτc
√

π〈I(t)〉
2
√

2
U(

δ̂+τc√
2
)〈σaa(t)〉 (23a)

〈σ̇aa(t)〉 = −Γa

[
1 +

γgτc
√

π〈I(t)〉
2
√

2

[
(q2

a − 1)U(
δ̂+τc√

2
)− 2qaV(

δ̂+τc√
2
)

]]
〈σaa(t)〉

+ (q2
a + 1)

Γaγgτc
√

π〈I(t)〉
2
√

2
U(

δ̂−τc√
2
)〈σgg(t)〉 (23b)

〈σ̇cc(t)〉 = −γc〈I(t)〉〈σcc(t)〉 − 〈σ̇gg(t)〉 − 〈σ̇aa(t)〉+ γcτc
√

π
〈I(t)〉2

2
(
γc〈σcc(t)〉 − γg〈σgg(t)〉

)
, (23c)

where the averaged dynamic detunings, δ̂± ≡ δ̂±(t), are defined by,

δ̂±(t) = δ0 ± ı
Γa − γg〈I(t)〉

2
. (24)

From our atomic-structure calculations we have estimated that the ac-Stark shifts of the bound
states and the direct photoionization from the doubly excited state have negligible contribution into
dynamics compared to the parameters finally kept in the averaged EOMs.

The U(z) = U(x, y), V(z) = U(x, y) quantities, closely related with the Voight functions,
are defined as the real and imaginary of w(z) [25]:

w(z) = e−z2
[1− erf(ız)] = U(x, y) + ıV(x, y), z = x− ıy, (25)

where erf(z) is the error function.

5. Results and Discussion

In this section, we show the results obtained from the averaged EOMs for the Li+ system for
the schematic depicted in the Figure 1. First, we discuss the typical AIS lineshape which is obtained
when no fluctuations are included. Then we see how the fluctuation’s coherence time of the FEL pulse
affects this AIS lineshape. The calculated atomic parameters qa and Γa are in good agreement with
those measured in References [26–28] and presented in the Table 1.
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5.1. The AIS Line Shape

For a pulse of moderate intensity, free of fluctuations in the amplitude and the phase, the AIS
lineshape of Li+ 2s2p should resemble that of the familiar asymmetric Fano profile [23]. Our
findings show that the fluctuations cause a smoothing effect of such sharp asymmetric line shapes.
Solving Equation (16) for a deterministic pulse, gives the ionization yield profile depicted by the
red-dashed curve of the Figure 2, whereas solving Equation (23) for a Gaussian correlated stochastic
pulse, having a coherence time of τc = 1.3 fs (53.74 a.u.), gives the ionization yield profile depicted by
the black-solid curve of the Figure 2. The peak intensity used is 1013 W/cm2 and the pulse duration
used is τp = 12.7 fs (525.02 a.u.).

It can be seen that for the same pulse duration and peak intensity we obtain drastically different
yield values and lineshapes. The deterministic pulse, as pointed, gives the profile which has a sharp
peak and asymmetry around the resonance energy whereas the stochastic pulse gives a smooth peak.
The values of the ionization yield are also very different around the resonance but are identical towards
the tail-ends. It can be thus concluded that the effects of fluctuations manifest and smooths the
lineshape around the resonance, whereas the tail-ends are relatively unaffected.

148 149 150 151 152
Photon Energy (eV)

0.00

0.02
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0.06

0.08

Io
n

iz
at

io
n

 Y
ie

ld

τ
c
 = 3 fs

Deterministic

Figure 2. The effect of smoothing the familiar Fano-profile, caused by averaging the fluctuations can be
clearly seen in this figure. The red-dashed curve with highest peak is obtained for a deterministic pulse
whereas the black-solid curve is obtained for a stochastic pulse with coherence time of 1.3 fs (53.74 a.u.).
The peak intensity is 1013 W/cm2 and the pulse duration τp = 12.7 fs (525.02 a.u.).

5.2. Effects of the Fluctuation’s Coherence Time

For the Gaussian pulse we use the coherence time which is decisive for the ionization dynamics.
In Figure 3, we choose four values for the τc, 1.3 fs, 3.3 fs, 5.3 fs and 7.3 fs (53.74 a.u., 136.42 a.u.,
219.1 a.u. and 301.78 a.u., correspondingly). It can be seen from the said figure that as coherence time
increases, the ionization yield around the resonance increases which is accompanied by a narrowing of
the AIS lineshape. Ideally, for very large τc, these lineshapes tend towards an asymmetric Fano-shape.
This trend can be clearly seen here. It can also be observed that the effects of coherence time manifest
only around the resonance. Towards the tail ends, the effects are negligible and the yield values are
fairly constant.
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Figure 3. Effect of coherence time on the ionization yield is shown in this plot. As τc increases,
the ionization yield also increases, near resonance. The peak intensity is 1013 W/cm2 and the pulse
duration τp = 12.7 fs (525.02 a.u.).

5.3. Effects of the Pulse Duration

Since the pulse duration determines the interaction time with the system it is reasonable to expect
that the longer the pulse the more is the ionization yield (this might not be the case under special
resonance conditions). Here, we explore the role of pulse duration in affecting the ionization yield for
different peak intensities.

In Figure 4, (a) is plotted for the peak intensity of 1013 W/cm2, (b) is for the peak intensity of 1014

W/cm2 and (c) is for the peak intensity of 1015 W/cm2. For (a) and (b) the trend of the yield is that,
as pulse duration increases, the yield also increases. But for (c), the trend is reversed. As the peak
intensity increases, the yield values decrease. This reversing of the behavior is due to the extra channel
of ionization of Li2+ from |c〉 → |c′〉 which is rapidly active at higher peak intensities that is, as peak
intensity increases, the population of |c〉 decreases and the system ionizes into |c′〉. The same is true
with increasing pulse duration as well. That is why, at the highest peak intensity, the ionization yield
values are low for the largest pulse duration and high for the smallest pulse duration.

To understand this behavior, we may have to explore the time-evolution of the population of
Li2+. In Figure 5, we plot the population of Li2+ in time for various peak intensities. The black-solid
curve is for the situation when the further channel of ionization is not considered (γc = 0 a.u.) whereas
the red-dashed curve is for the current situation where the said channel is present. In the former
case, the expected behaviour, namely that by increasing the τp increases the ionization yield applies;
the plots (a) and (b) depict the rise of populations even after the peak of the pulse (at t = 0 fs) has
hit the system. In contrast, for the highest peak intensity, the population of Li2+ reaches a maximum
before the peak of the pulse and the same population starts to decrease as pulse evolves. This clearly
drops the ionization yield values which is the cause for the aforementioned trend-change in Figure 4.
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Figure 4. Effect of pulse duration on the ionization yield is shown in this plot. The coherence time used
is τc = 3 fs (124.02 a.u.) and the peak intensities are: 1013 W/cm2 for (a), 1014 W/cm2 for (b) and 1015

W/cm2 for (c). For lower intensities, as pulse duration increases, the ionization yield also increases.
But the pattern flips after certain peak intensity and for the highest peak intensity of 1015 W/cm2,
the yield drops as pulse duration increases.
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Figure 5. Effect of peak intensity on the population of Li2+. The peak intensities used are: 1013 W/cm2

for (a), 1014 W/cm2 for (b) and 1015 W/cm2 for (c). Black-solid curve is when the further ionization
channel is ignored (γc = 0) and the red-dashed curve is when the further ionization channel is
considered. The pulse duration τp = 20 fs (826.8 a.u.) and the coherence time τc = 3 fs (124.02 a.u.).
The red-dashed curve suggests that for (a) and (b) the population grows after the peak intensity at t = 0
fs, but for (c) it drops. This causes the change in the trend of ionization of Figure 4.

6. Conclusions

We have investigated the effects of the FEL parameters such as peak-intensity, coherence time and
pulse duration on the values of ionization yield of the Li+ resonance lineshapes. A safe conclusion is
that the interaction with a FEL radiation results to lineshapes that may differ from the familiar Fano-like
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asymmetry shape. A better insight has been obtained about the role of the temporal fluctuations of the
FEL field via their strength and duration.

We have considered the pulsed nature of the FEL by assuming a Gaussian envelope for the
field and have taken the first-order coherence function to possess a square-exponential (Gaussian)
time dependence, ∼e−(t1−t2)

2/2τ2
c ; this choice is different from those that have been assumed so

far, when averaging of the EOMs was taken into account as for example ∼e−|t1−t2|/2τc of the early
lasers of longer-wavelength. The Gaussian-like dependence has been treated to date only within
a Monte-Carlo (MC) algorithm type of calculations [9,10]. One of the outcomes is that the dynamics
for relatively moderate intensity fields (∼5 × 1014 W/cm2) is determined by directly measured
experimental observables, namely its temporal mean intensity and its power spectrum; more accurately,
the autocorrelation (AC) functions of the time-integrated electric field amplitude and intensity,
〈E(t)E∗(t′)〉 and 〈I(t)I(t′)〉, respectively. A second outcome is that the line profile takes the shape
of a Voight profile with the Gaussian or the Lorentzian profile to dominate depending on the pulse
parameters and the atomic structure.
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